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Abstract. By using the Dold-Kan correspondence we construct Quillen ad- 
junctions between the model categories of simplicial coalgebras and differential 
graded coalgebras. We also investigate the question whether these Quillen ad- 
junctions can be improved to Quillen equivalences. We restrict to categories 
of connected coalgebras and prove a Quillen equivalence between them. 



1. Introduction 

The Dold-Kan correspondence establishes an equivalence between the category 
of simplicial objects and the category of non-negatively graded differential objects 
in abelian categories. In this paper we work with the abelian category of vector 
spaces over a fixed field K. We investigate the model categorical properties of the 
functors involved in the Dold-Kan correspondence on the level of the corresponding 
model categories of comonoids. We show that the Dold-Kan correspondence gives 
rise to Quillen adjunctions between the model categories of simplicial and non- 
negatively graded differential counital coalgebras. We investigate some approaches 
to extending the resulting adjunctions to an equivalence on the level of homotopy 
categories. 

Section 2 is devoted to some generalities about the monoidal categories of non- 
negatively graded differential vector spaces, simplicial vector spaces and their cor- 
responding categories of comonoids. 

Section 3 is a dualization of the work by Schwede and Shipley in |SS03) . First, 
we show that the normalization functor N defines a functor from the category of 
simplicial coalgebras to the category of non-negatively differential graded coalge- 
bras. Similar considerations hold for the functor F, however, as in [SS03] . we point 
out that both functors are neither adjoint nor inverse to each other on the level 
of comonoids. Then, we construct functors that are right adjoint to the functors 
A'' and F on the level of comonoids. The adjoint pairs of functors obtained in this 
way turn out to be adjoint Quillen pairs. Finally, we discuss whether these Quillen 
adjunctions can be improved to Quillen equivalences via a categorical dualization 
of a result by Schwede-Shipley and a criterion by Hovey. 

Section 4 restricts to the categories of connected simplicial coalgebras and con- 
nected differential graded coalgebras. We investigate the completeness and cocom- 
pleteness properties of connected coalgebras. With these properties, we derive from 
[GG99) , |Smill| and jGoe95j model category structures for categories of connected 
coalgebras. We prove a Quillen equivalence between the categories of connected 
differential graded and simplicial coalgebras. 
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Section 5 closes this paper with an appendix on the category of connected dif- 
ferential graded algebras, which is helpful for constructing limits for connected 
differential graded coalgebras. 

2. Preliminaries 

2.1. Differential graded vector spaces. Let Vet be the category of vector 
spaces over a fixed field K . We denote by DGVct the category of differential 
graded i^-vectors spaces which are concentrated in non-negative degrees and have 
differentials of degree —1. We denote by §" the n-sphere chain complex. This is 
the object of DGVct which has the field K in degree n and in other degrees. All 
differentials in S" are trivial. Secondly, the n-disk, denoted by K)"', is the object of 
DGVct which has the field K in degrees n and n—1 and elsewhere. The identity 
on K is its only non-trivial differential. 

Recall that if X and Y are two objects in the category DGVct, the monoidal 
product ® is given by [X ® F)„ — 0p^q^„ Xp ®k Yq with differential d{x (E) y) = 

dx ® y + (— l)l^la; ® dy. The unit of this monoidal product is S*', the differential 
graded vector space concentred in degree which we sometimes denote by K[Q\. 
Notice that the monoidal product ® is symmetric. The category DGVct endowed 
with the monoidal product ® is closed. Given differential graded vector spaces 
{X,dx) and (y,dy), let Hom(X,y) be the object of DGVct with: 

Hom(X,y)„ = [] Vct(Xp,yp+„) 
with differential dn for any map / = {fp'. Xp — )• y^+,i}p>o given by 

{dHf)p{x) - dyifpX) + {-\r+^fp_^{dxx), X G Xp. 

The specified right adjoint of the functor — ®Y : DGVct DGVct is then given 
by the functor Hom(r, -) : DGVct DGVct. 

2.2. Simplicial vector spaces. We denote by SVct the category of simplicial 
vector spaces, that is, a functor X : A°p — > Vet, where A is the category of finite 
ordered sets. 

Let X and Y be two objects in SVct. The monoidal product ® is given by 
{X®Y)n — Xn®KYn with coordinatcwise structure maps. The unit of the monoidal 
product ® is the simplicial vector space that has K in each degree and identity 
maps on K as face and degeneracy operators. We denote this unit by I{K). This 
monoidal product (g) is symmetric and SVct is closed. 

2.3. Differential graded coalgebras. We denote by DGcoAlg the category of 
counital coassociative differential graded X-coalgebras. In other words DGcoAlg is 
the category of comonoids the monoidal category (DGVct,(g),i4r[0]). In the coming 
sections the symbols n and U stand respectively for the categorical product and 
coproduct in DGcoAlg. 

Lemma 2.1. |GG99i Proposition 1.10] . The forgetful functor Ud from the category 
of differential graded coalgebras to the category of differential graded vector spaces 
has a right adjoint Sd- 

2.4. Simplicial coalgebras. The category of simplicial coalgebras, denoted by 
ScoAlg, is the category of comonoids in the monoidal category (SVct,(8),/(if )). 

Lemma 2.2. The forgetful functor Us from the category of simplicial coalgebras to 
the category of simplicial vector spaces has a right adjoint Ss ■ 
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Here, the functor Ss is obtained by extending degreewise the cofree coalgebra 
functor S from the category of vector spaces to the category of coalgebras as con- 
structed in |Swe69l Theorem 6.4.1]. 

3. A COMPARISON OF COALGEBRAS CATEGORIES 

3.1. Dold-Kan functors for coalgebras. The Dold-Kan correspondence asserts 
that SVct and DGVct are essentiaUy the same. This equivalence of categories is 
achieved by the normahzation functor N and its inverse F. We refer to [Wei94[ 8.8.4] 
for a detailed description of these functors. Moreover, it is well-known that the nor- 
malized versions of the Alexander- Whitney map AW : N{A^B) — > NA NB and 
of the shuffle map V : NA (g) NB — >■ N{A®B) both turn the normalization functor 
into a monoidal functor. From these observations, we derive that the normalization 
functor N and its inverse F pass on the level of comonoids as stated in propositions 
below. 

Proposition 3.1. If {A, Aa,£a) is a simplicial coalgebra, then {NA,Ana,£na) 
is a differential graded coalgebra with a comultiplication given by the composition 

N(Aa) , AWa.a 

NA > N{A®A) ■ > NA NA 

and counit given by N{eA)- 

Proposition 3.2. If {B, Ab^Eb) is a differential graded coalgebra, 

then (F_B, Ars, ers) is a simplicial coalgebra with a comultiplication Ayb given by 

the following composition 



TB: 



T{Ae 



-^T{B(E)B) 



and counit given by T{eB)- 



r(£-i«.e-i) 



r{NTB (g) NTB) 



r(VrB,rB) 



rN(TB®rB) 



FB(g)FB 



Notice that both propositions and their proofs are dual to results in |SS031 Sec- 
tion 2.3]. We refer to [SorlOl Section 5.1] for detailed proofs. 



Dually to |SS03[ Section 2.4], we point out that the coalgebra- valued functors TV 
and F are neither adjoint nor inverse to each other. This fact is specified in the 
remark below. 

Lemma 3.3. The adjunction counit e: NT — > Id is a comonoidal transformation. 
Let ipx,Y be the composition of natural maps 



^x,Y = V^xSfy ° r(Vrx,rF) o Tie/ (g> e^^). 



Then the diagram 

Nr{X ® Y) 



^ , AWrx.FY 

-4 iV(FA®Fr) ■ > NTX (g> NTY 



X(X)Y: 



■■X(gY 



commutes for every X ,Y in DGcoAlg. 



4 



HERMANN SORE 



Proposition 3.4. The functor T : DGcoAlg — > DGcoAlg is full and faithful and 
respects coalgebra structures. Moreover, the composite endofunctor NT is naturally 
isomorphic to the identity functor on the level of categories of comonoids. 

Remark 3.5. The unit rj: Id — > TN does not have good comonoidal properties. 
More precisely, there are objects X and Y in the category ScoAlg such that the 
diagram 



rN{X(g,Y) — — — T{NX (g) NY) — > YNXi^iTNY 

does not commute. Indeed, consider for example X = Y = r(Z[l]) as in |SS03[ 
Remark 2.14]. Since N is left inverse to F by the previous proposition, one has 

NX = iVy = ^r(Z[l]) = Z[l] and NX ® NY = Z[l] ® Z[l] = Z[2]. 

Therefore the lower composite map in the previous diagram vanishes in degree 1 
since 

[T{NX®NY)]^ = [r(Z[2])]i = 0. 

But in degree 1, the right map rix®r]Y is an isomorphism between free abelian 
groups of rank one since 

[r(ivy)]i - - z = = [t{nx)],. 

3.2. Model category structures. Now, we consider Quillen's setting of model 
category and we investigate whether the coalgebra-valued functors N and F fit 
under this framework. Before, we recall the model category structures of the various 
categories involved in this work. 



3.2.1. Model structure of DGVct. The category DGVct is equipped with a cofi- 
brantly generated model structure proven in |Qui67[ Chapter I, Example B] or in 
|DS95[ Chapter 7]. A map / in the category DGVct is a weak equivalence if H^,f 
is an isomorphism, a cofibration if for each n > 0, fn is injective, and a fibration if 
for each n > 1, fn is surjective. The generating acyclic cofibrations are given by the 
maps {O — > B" \ n > 1^ and the generating cofibrations by — > D" | > l}. 

3.2.2. Model structure of DGcoAlg. The category DGcoAlg is endowed with a 
model structure in |GG99[ Section 2]. A map / in the category DGcoAlg is a weak 
equivalence if 7?*/ is an isomorphism, a cofibration if it is a degreewise injection 
of graded if -vector spaces, and a fibration if it has the right lifting property with 
respect to trivial cofibrations. 

3.2.3. Model structure of S Vet. The category of simplicial vector spaces has a cofi- 
brantly generated model structure proven in |Qui67[ II. 4, II. 6]. The model struc- 
ture comes from defining a map / in the category SVct to be a weak equivalence 
if TT*/ = H^,N f is an isomorphism, a cofibration if it is a level-wise injection, and a 
fibration if it has the right lifting property with respect to trivial cofibrations. Since 
DGVct is cofibrantly generated, one can deduce that SVct is cofibrantly generated 
by applying the transfer result by Crans in |Cra95[ Section 3] to the adjoint pair 
(r, N) provided by the Dold-Kan correspondence. Hence in the category SVct, 
the generating acyclic cofibrations are given by the maps {O ^ r(D") | n > 1} and 
the generating cofibrations by {r(S"-i) ^ r(©") \ n>l]. 
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3.2.4. Model structure of ScoAlg. The category of cocommutative simplicial coal- 
gebras has a model structure proven in jGoe95[ Section 3] . But one can adapt the 
arguments therein to the non-cocommutative case as weh. A map / in ScoAlg is a 
weak equivalence if tt*/ = H^Nf is an isomorphism, a cofibration if it is a levelwise 
inclusion, and a fibration if it has the right lifting property with respect to trivial 
cofibrations. 

Goerss' main line of argumentation remains unchanged for the case of non cocom- 
mutative simplicial coalgebras. The only slight difference is concerned with the 
lemma recalled below. 

Lemma 3.6. |Goe95[ Lemma 3.5]. Let f : C D be a morphism of coalgebras. 
Then, f can be factored as f = po i 

C ^ D 

where i is a cofibration and p is an acyclic fibration. 

In the proof of this lemma we may replace the cocommutative cofree functor 
by its non-cocommutative version Sg ■ SVct — > ScoAlg. In this way, the argu- 
ments of Goerss transfer to the non-cocommutative setting since only the cofreeness 
property is required. 

3.3. Quillen adjunctions for coalgebras. We compare ScoAlg and DGcoAlg 

in terms of Quillen setting. The situation may be illustrated in the diagram 

(SVct, 0, 1{K)) ( > (DGVct, ®, K[0]) 



Sd 



N 

ScoAlg > DGcoAlg. 

where N stands for the coalgebra-valued normalization functor. 

Proposition 3.7. In the above situation the functor N has a right adjoint i?*^"™. 
Moreover the adjoint pair (N, i?™™) is a Quillen pair. 

Proof. First, let V he a differential graded vector space and Sd{V) its differential 
graded cofree coalgebra. We set 

Indeed, the various adjoint pairs {Us,Ss), {N,r), {Ud,Sd) and the identity NUs = 
UdN respectively, yield the following bijections 

ScoAlg = ScoAlg (x,5,rF) 

= SYct( UsX,TV] 



= TyGWct[NUsX,V 
= DGVct (UdNX, V 



'DGcoA\g{NX,SdV 



This implies that the functor is right adjoint to N for cofree coalgebras. Now 

we notice that the adjunction {Ud,Sd) defines a monad SdUd over the category 
DGcoAlg. Thus, if C is a differential graded coalgebra, it can be writtten as the 
equalizer of the diagram 

SdUdC SdUdSdUdC 
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Since the functor should be a right adjoint it has to preserve hmits. Therefore 
defining i?™'"(C) as the equahzer of the maps and yields the 

desired right adjoint. 

Finally we observe that the cofibrations and acyclic cofibrations in SVct and 
DGVct match with those of their respective categories of comonoids ScoAlg and 
DGcoAlg. Since the functor iV is a left Quillen functor the identity NUg — UdN 
ensures that the functor TV is a left Quillen functor. □ 

Remark 3.8. We mention that instead of N, we could consider the coalgebra- 
valued functor T. By similar techniques, it is possible to construct a right adjoint 
functor i?™" to f and show that (f , i?™"") is a Quillen pair. 

3.4. Are ScoAlg and DGcoAlg Quillen equivalent? We investigate whether 
ScoAlg and DGcoAlg are Quillen equivalent via the Quillen pair {N, i?'^"™). On 
one hand we try a categorical dualization of a result by Schwedey and Shipley in 
[SS03| and on the other hand we check a criterion by Hovey in |Hov99| . 

3.4.1. Schwede- Shipley theorem. In order to improve the pair (TV, i?'^"™) to a Quillen 
equivalence, we dualize and check required conditions in [SS03i Theorem 3.12.(3)]. 
In the propositions below, we find good candidates for, respectively, generating 
acyclic fibrations and generating fibrations in DGVct. 

Proposition 3.9. Define Q to he the set {D" —> | n > 1}. A chain map 
f : X Y is injective if and only if f has the left lifting property with respect to 
any map in Q. 

Proof. One direction is obvious since maps D" — )■ are acyclic fibrations in the 
standard model structure of DGVct. 

For the other direction, suppose / has the left lifting property with respect to Q. 
Assume that there is an Xn G Xn with Xn ^ and /„(x„) = 0. Since x„ / there 
is a linear map : X„ — > K such that Q;„(a;„) — 1. 

(i) If Xn is not a cycle then define a„_i((ia;„) = 1. This gives a chain map 
a: X D" and by assumption a lift C exists in the following diagram 

' y':- 

Therefore = Cn(0) — Cn ° fn{xn) = ctn{xn) = 1, which is the desired 
contradiction. Therefore fn{xn) ^ and the chain map / is injective. 

(ii) Let Xn be a cycle and a boundary. That is, d(xn) — and there is an 
a;„+i e Xn+\ such that d{xn+\) = a;„. Then define an+\(xn+\) ~ 1- Note 
that Xn+i is not a boundary. This gives a chain map a: X — > D"+^ and a 
contradiction follows as in case (i). 

(iii) Let Xn be a cycle and not a boundary. As we are working with field coeffi- 
cients, Xn then generates a sphere sub-complex §" of X. This sub-complex 
§" can be mapped to D"+^ and the above argument works again. 

□ 

Proposition 3.10. Define P to be the set {D" 0,D" ^> §" | n > 1}. A chain 
map f is in P-proj if and only if it is injective and induces an isomorphism in 
homology. 
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Proof. One direction is obvious since every map in P is a fibration. For the other 
direction, injectivity comes from P-proj C Q-pvoj (since Q C P) and the previous 
lemma. We show that every map in P-proj induces isomorphism in homology. Let 
/: j4 — > P be a map in P-proj. As / is injective, we have the short exact sequence 
— > A — > P — >• coker/ — >• 0. As this sequence induces a long exact sequence in 
homology, it suffices to show that cokcr/ has no homology. The object coker/ 
which is built degreewise is also a pushout 

A >0 

f 

B > coker/ 

We deduce that the map coker/ is also in P-proj since P-proj is closed 
under pushouts. Let us now assume that coker/ is not acyclic. Then there is an 
element a;„ G (coker/)„ with d{xn) = and a;„ not a boundary. Note that a;„ 
generates a subcomplex S" of coker/ and that coker/ = © coker//§" as chain 
complexes. But the map S" is not in P-proj since 

^D" 



does not admit a lift. Therefore the map — >■ coker/ cannot be in P-proj either 
which is the desired contradiction. □ 

Unfortunately, the codomains S" in the set P arc not cosmall. Indeed, consider 
a cofiltered sequence of maps in the category DGVct 

> Ya+i ^Ya-)- >Yi-)-Yo 

such that each l^+i — > Ya is in P-cocell. Then the following canonical map 

colimDGVct(yc<,§") — ^ DGVct(limy„,S") 

a a 

does not need to be a bijection: for instance, consider Ya to be S" and all maps 
Ya — > Ya-i to be trivial. 

Moreover, we lose closedness property of the category ((DGVct)°P, (g)) since the 
functor - (8)y: (DGVct)°P — > (DGVct)°P does not have a right adjoint. To 
conclude, although the opposite category (DGcoAlg)°P inherits a model structure 
in the usual way, this model structure does not arise from an application of the 
transfer theorem. 

3.4.2. Hovey criterion. The Quillen adjunction {N, P'^"™) would be a Quillen equiv- 
alence if reflected weak equivalences between cofibrant objects and if for every 
fibrant differential graded coalgebra Y, the map was a weak 

equivalence in DGcoAlg. Notice that since every object in ScoAlg is cofibrant, 
the cofibrant replacement (P'^°™F)'^°^ can be taken to be P™™y. Hence, we are 
reduced to studying the map Xy ■ NR''°'^Y — >■ Y for fibrant coalgebras Y. 

Definition 3.11. A fibrant differential graded coalgebra Y satisfies the Hovey 
criterion if A-^ is a weak equivalence in DGcoAlg, that is 

ff,(Ay): P,(7VP'=°'"y) ^ H,{Y). 

We are not able to show that the Hovey criterion holds for an arbitrary fibrant 
diff'erential graded coalgebra, but we investigate the Hovey criterion for some classes 
of examples of differential graded coalgebras. 
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Proposition 3.12. The following objects in DGcoAlg: 

(1) the terminal object ^^^[0], 

(2) the cofree coalgebra Sd{EP) on the 0-sphere S*', 

(3) the cofree coalgebra Sd{V) on every acyclic vector space V 

are fibrant and satisfy the Hovey 's criterion. 

Proof. As the functor i?'^"™ is a right adjoint, it carries the terminal object K[0] 
to the terminal object of ScoAlg which is I{K), the simplicial coalgebra with the 
one dimensional coalgebra K in each degree. Therefore, we obtain 

H,{NR'°'^{K[0])) = H,{NI{K)) = H,\K[0\), 

hence K[Q\ satisfies the Hovey criterion. 

Recall that every object is fibrant in the model structure on the category DGVct. 
Since the functor Sd preserves fibrations, it follows that every cofree coalgebra is 
fibrant. In particular S'd(S°) is fibrant. Now the definition of the functor i?'^"™ on 
cofree coalgebras and the Dold-Kan correspondence yields 

iVi?'=°™S'd(§°) = 7V5sr(§°) = NSs{l{K)). 

Since the face maps in the simplicial coalgebra Ss{l{K)^ are all identities on S{K), 
their alternating sums are either or ids(K) and the associated complex is: 

• • • ^ ^ SiK) A S{K) ^ S{K) A S{K) A ■ • ■ 
Therefore we obtain 

'0 if * ^ 



HAnSs{I{K)) 



S{K) if * = 



Finally the Hovey criterion for the differential graded coalgebra Sd{^^) follows from 
the fact that Sd{^^) is concentrated in degree zero and from the identification of 
5d(§°) with S{K). 

Now let V be an acyclic differential graded vector space. Since the functors 5^, 
r and Ss preserve weak equivalences, we deduce on one hand that Sd{V) is weakly 
equivalent to S'd(O) = K[Q] and on the other hand that 

= NSsT{V) ~ NSsT{Q) 

~ iV5^(0) = NI{K) = K[Q\ 

Hence, we obtain the required result for acyclic differential graded vector spaces. □ 

Notice in particular that the Hovey criterion holds for the cofree coalgebra on 
every n-disk D". 

4. Categories of connected coalgebras 

4.1. Connected differential graded coalgebras. In this section we restrict to 
connected differential graded objects. An object V in DGVct is connected if Vo =0 
and we denote by DGVctc the category of connected differential vector spaces. 
With mild changes, the category DGVctc inherits from DGVct a model category 
structure. Indeed, DGVctc has limits and colimits constructed degreewise as in 
DGVct. Moreover, the model category factorization axioms may be performed as 
in [GS06[ Section 1.3], but discarding this time objects such as the 0-sphere §° and 
the 1-disk ^ DGVctc. In this way, a map / in the category DGVctc is a weak 
equivalence if i?*/ is an isomorphism, a cofibration if for each n> 1, /„ is injective, 
and a fibration if for each n > 2, /„ is surjective. 

An object C in DGcoAlg is connected if Co = K . We denote by DGcoAlgc the 
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category of connected differential graded coalgebras and in the rest of this section 
we discuss its model category structure. 

Now, let V be an object in the category DGVctc. Then, the tensor coalgebra 
on V is defined by r^(y) = 0„>nV'®"- Since Vb = 0, it follows that T^(y) ^ 
nn>o We mention that the structure maps on T'^(V^) are given by 

n 

AT_J(y)(wi ■ • • (g) W„) = ^(Wi ® ■ • • (g) Wr) ® (Wr+1 "Xl • • • Wn) 

r=0 

AT^(y)(l) = 10 1 

eT^(y)('(;i (g) • • • ® Vn) = for n > 1 and ej-^(y)(l) = 1. 

Definition 4.1. |HMS741 Section II. 2]. Let C be a connected differential graded 
coalgebra. Then, the functor : DGcoAlg^, — > DGVctc is defined by 

i',{c) = c/m. 

In other words, the differential graded vector space /^(C)„ is C„ for n > 1 and 
otherwise. 

Lemma 4.2. [HMS741 Section II.2] . The tensor coalgebra functor T^: DGVctc ^ 
DGcoAlg^ is right adjoint to the functor I'^. 

Proposition 4.3. The category of connected differential graded coalgebras is com- 
plete and cocomplete. 

Proof. We start with limits. A terminal object in DGcoAlgc is given by K[0]. For 
other limits, we recall from |GG99[ Proposition 1.7] that there is an anti-equivalence 
between the category of differential graded coalgebras and the category of profinite 
differential graded algebras. Since by the appendix in Section [3 the category of 
connected differential graded algebras is complete and cocomplete, we derive limits 
for DGcoAlgc by applying the steps given in |GG99[ Proof of Proposition 1.8]. 
We mention that the usual tensor product (g) of differential graded coalgebras is not 
the categorical product in DGcoAlgc since we do not assume cocommutativity. 

Next, we investigate colimits. We refer to |Nei78[ Section 1] where similar con- 
structions appear for cocommutative coalgebras. Since, as a left adjoint, the functor 
I'^ must preserve initial objects, we deduce that K[0] is initial in DGcoAlgc. Let 
f,g: C D he two maps in DGcoAlgc. Then, their coequalizer is given by 
D/mi{f — g). This quotient is constructed degreewise and each of its homogeneous 
parts is in fact a coalgebra by |Swe69[ Proposition 1.4.8]. Finally, if C and D are 
two objects in DGcoAlgc, we may form the maps 

K[0]^C^C(BD and K[0]^ D ^C®D. 

Then the coproduct of C and D in DGcoAlgc is given by 

C Li D = C (B D/im {ic o (pc — ijj o (pd) . 

Notice that the direct sum is the coproduct of the underlying differential graded 
vector spaces and that the quotient guarantees the required connectedness condi- 
tion. □ 

After these categorical facts, we endow the category of connected differential 
graded coalgebras with a model structure which is defined exactly as in Section 
13.2.21 We essentially concentrate on the model category factorization axioms. 

Lemma 4.4. Let V be an acyclic (H,,V ~ 0) connected differential graded vector 
space and C , a connected differential graded coalgebra. Then the projection 
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is an acyclic fibration. 

Proof. By using [GG99[ Proof of Lemma 1.12], we obtain the isomorphisms 

[C n T'^iV)]* ^ C* U [T'^{V)]* ^ C* U Td{V*) ^ Tc- {C* ®V* ® C*) 

where Tc* denotes the tensor C*-algebra functor. The cohomological Kiinneth 
formula yields 

H* {Tc {C* ®V* ® C*)) ^ H* (C*) . 

The required homology isomorphism i/* (C □ T^(V)) ^ -ff*C comes from applying 
the cohomological universal coefficient theorem. 

It remains to prove that each projection is a fibration. To see this, we consider the 
diagram 

A ^cnr^(T/) 



B 



where i is a cofibration in DGcoAlgc. By adjointness, this amounts to considering 
the diagram 

I',{A) > V 



in DGVctc. Since /^(i) is a cofibration and ^ is an acyclic fibration in the 
model category of DGVctc, a lift I'^{B) — > V exists. □ 

Proposition 4.5. Let f : C D be a morphism in DGcoAIqc. Then, the mor- 
phism f can be factored as 

C ^ D 

with i a cofibration and p an acyclic fibration. 

Proof Let us consider the object X — D n r^^cone(/^(C))^ G DGcoAlgc. Since 

cone(/^(C)) G DGVctc is acyclic. Lemma implies that the projection p: X — > 
D is an acyclic fibration. 

Next, the following diagram shows how to obtain the coalgebra map i 




C^:^^ >DnT'^(cone{l'^{C)) 




r^(cone 



Indeed, j comes from the composition C — > I'di^) — ^ conc(/^(C)) and the 
universal property of the tensor coalgebra functor T'^^. Finally, the map i is a 
cofibration since 



□ 



I'dij)-- I'diC) r^(cone(/^(C))j = [0] © cone(/^(C)) 
is a canonical injection map. 
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Proposition 4.6. Any morphism f : C ^ D in DGcoAlg^ can be factored as 

C ^ D 

with i an acyclic cofibration and p a fibration. 

Sketch of proof . We exploit arguments in [Smilli Definition 4.14, Lemma 4.16] for 

our purpose. First, factor / as C D n T'j^{I'^C) C where the map is a 
canonical injection, hence a cofibration in DGcoAlgc and po a fibration. Then, 
construct the maps {in)n>i ^-iid (Pn)n>i '"^ displayed in the diagram 



,G{Q)=DnT'^{I'^C)-Po^D 




hm„ G{n) 

in which 

(1) for n > 0, the objects G{n + 1) are puUbacks of 

G{n) iWn)) ^ T'^ (s-^cone (/^ff (n))) 

where H(n) are pushouts of G{n) i — C K[0] and the desuspension 

(2) the maps {Pn)n>i form a tower of fibrations. In fact, as pullbacks, they are 
built out of DGVctc fibrations cone {I'^H{n)) — s- I'^H{n). 

(3) the maps (*n)„>]^ s-re cofibrations since by induction the compositions PnOi„ 
are injections. 

(4) the object lim„ G{n) is weak equivalent to C since the object 



^limG(n)j /i^{C) 

is acyclic by similar arguments as in |Smill[ Proof of Lemma 4.16]. 
Therefore, setting i — ioo and p — po o pi o ■ ■ ■ , gives the required factorization. □ 

Lemma 4.7. Let C be a fibrant connected differential graded coalgebra and 

C ^G^ K[0] 

be the factorization of ec ■ C* — >■ -^'[O] as in the previous lemma. Then, C is a retract 
of G. Moreover, G is a cofree connected differential graded coalgebra. 

Proof. Since C is fibrant, the counit ec is a fibration. It follows that a lift exists in 
the diagram 



G- 



■C 



G- 



0] 
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and therefore that C is a retract of G. 

For the second statement, note first that G(0) is cofree in DGcoAlgc since 

G(0) = ihC) n A'[o] = iuc) n T', (0) - X 0) - . 

As a right adjoint functor, commutes with inverse hmits. Hence, we may recur- 
sively deduce that for n > 1 the objects G{n) are cofree in DGcoAlgc and finally 
that G = lim„ G{n) is cofree as required. □ 

4.2. Connected simplicial coalgebras. This section is the simplicial counterpart 
of the previous one. An object V in SVct is connected if Vq = 0. A connected 
simplicial coalgebra C is an object in ScoAlg with Co = K . We denote by SVctc 
and ScoAlgc the categories of connected simplicial vector spaces and coalgebras. 

Lemma 4.8. Let G be a connected simplicial coalgebra. Then, the constant sim- 
plicial object I{K) splits off the object G . 

Proof. In the category ScoAlgc, the object I{K) is both initial and terminal as 
proven in Proposition 14. 1 1] below. Consequently, the canonical map i: I{K) G 
is an injection and therefore I{K) splits off G . □ 

We next consider T' : Vet — > coAlg the tensor coalgebra functor constructed in 
|Swe69[ Theorem 6.4.1]. The simplicial tensor coalgebra T^': SVctc ScoAlg^ is 
defined as a degreewise prolongation of the tensor coalgebra functor T' . 

Definition 4.9. Let C be a connected simplicial coalgebra. Then, the functor 
ScoAlgc SVctc is defined by /^(C) = G/I{K). Notice that this definition 
makes sense because of Lemma 14.81 

Proposition 4.10. Let V be a connected simplicial vector space and Ik denotes a 
generator of L{K). If G is a connected simplicial coalgebra, then there is a bijec- 
tion from the set of simplicial coalgebras maps G T'^(V) to the set of connected 
simplicial vector spaces maps I's{G) — >■ V such that u{\k) — 0. 

Proof. In the following, 

ScoAlgc (c,r;(y)) = svctc(c,y) 

= SVctc 
= ScoAlgc 

the first bijection comes from the fact that T^' is right adjoint to the forgetful functor 
from simplicial coalgebras to simplicial vector spaces. The second bijection follows 
from the assumption u(Ik) — which implies that I{K) C kerw. □ 

Proposition 4.11. The category of connected simplicial coalgebras is complete and 
cocomplete. 

Proof. For limits in ScoAlgc, it suffices to extend degreewise the construction by 
[Ago 11 [ Theorem 1.1] for the category of coalgebras over fields. Hence, a terminal 
object in ScoAlgc is given by I{K), the constant simplicial coalgebra. Notice that, 
since the field if is a terminal object in coAlg, the product KFlK is isomorphic to 
K. This ensures that the products GnD oi objects in ScoAlgc is again connected 
since {G H D)^ = Gq H Dq = K n K = K. 

Colimits in ScoAlgc are formed in the same way as for DGcoAlgc. In this 
way, an initial object is given by I{K). li f,g: G ^ D are two maps in ScoAlgc, 
their coequalizer is given by D/m\{f — g). Finally, If G and D arc two objects in 
ScoAlgc, we may form the maps 

I{K) ^G^G®D and I(K) ^D^G®D. 
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Then the coproduct of C and D in ScoAlgc is given by 

C U D — C ® D/ixa [ic o ipc ~ in ° fo) ■ 

Notice that the direct sum is taken degreewise and that the quotient guarantees 
the connectedness condition. □ 

With the above definition, the category ScoAlgc is endowed with a model cat- 
egory structure exactly as in (Goe95[ Section 3] . 

4.3. A Quillen equivalence for connected coalgebras. In this section, we 
improve the Quillen adjunction {N , to a Quillen equivalence. Recall that we 

were not able to check the Hovey's criterion for arbitrary fibrant differential graded 
coalgebras. However, connectedness is a condition that guarantees such a criterion 
which yields a Quillen equivalence. 

Lemma 4.12. There is an equivalence between the category of connected simplicial 
vector spaces and the category of connected differential graded vector spaces. 

Proof. We notice that the restriction of the normalization functor N : SVctc — ?> 
DGVctc is full and faithful since it is induced by the Dold-Kan equivalence. More- 
over, if V an object in DGVctc, we may find an object W in SVctc such that 
NW ^ V. Indeed, since r(F)o = Vb = 0, it follows that T{V) £ SV ctc and 
setting W = r{V) satisfies the required condition. Therefore, by |Par701 Section 
2.1, Proposition 3], we deduce that the restriction of the normalization functor N 
induces an equivalence between connected vector spaces categories with an inverse 
given by the restriction of F. □ 

The following result is dual to | Qui69[ Part I, Proposition 4.5]. 
Lemma 4.13. Let V be a differential graded vector space. Then the following maps 

H^NT^riV)) H,{T'AV)) nH,{V) 
of graded coalgebras are isomorphisms. 

Proof. These maps are obtained by using the universal properties of the respective 
tensor coalgebras. Then, as vector spaces, the tensor coalgebra is the same as 
the tensor algebra, hence we obtain the isomorphisms by applying Kiinneth and 
Eilenberg-Zilber theorems. □ 

Lemma 4.14. If C is a cofree differential graded coalgebra, then the map 

NR''°"'C — > C 

is a weak equivalence. 

Proof Since C ^ T^(F) one has 

i?H.(^i?™'"C) ^ iJ,(ivr;r(F)) = h,{t'^{v)) ^ h^c) 

and hence the required result. □ 

Theorem 4.15. If C is a fibrant connected differential graded coalgebra, then the 
map 

is a weak equivalence. Hence, there is a Quillen equivalence between the category 
of connected differential graded coalgebras and the category of connected simplicial 
coalgebras. 
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Proof. Recall in Lemma H771 that C is a retract of a cofree coalgebra G, which may 
be written as T^{V) for some V G DGVctc. Applying successevily the functors 
^com^ g^j^j ^j^g retract map C T^^iV) -> C we obtain the diagram 



H,C > H,{T'^{V)) > H,C 

of homology morphisms. Since, by Lemma iH H^NT^TiV)) ^ H^{T'^{V)), we 
deduce that H^{NR''°'''C) ^ H^C with help of [DS951 Lemma 2.7]. Then, the 
Quillen equivalence follows from (Hov991 Corollary 1.3.16]. □ 

5. Appendix on connected differential graded algebras 

In this appendix, we consider the category of connected differential graded al- 
gebras. This category is somehow dual to the category of connected differential 
graded coalgebra. We refer to jGG99[ Proposition 1.7] for the precise statement. 
Its main interest here, is that a particular dual of its limits is used to construct 
colimits for the category DGcoAlgc. 

Definition 5.1. A connected differential graded algebra A is a differential graded 
vector space equipped with an associative, graded multiplication M : A (i) A ^ A 
and a unit fj,: K[0] — >• A with Aq — K. 

We denote by DGAlgc the category of connected differential graded algebras. 

Definition 5.2. Let A be an object in the category DGAlgc. The isomor- 
phism : K — > A^ induces a map ^a'- A K[{)\ and we define a functor 
h: DGAlg, ^ DGVctc by Id{A) = ker7^. 

Lemma 5.3. The tensor algebra functor Td'. DGVctc — > DGAlg^ is left adjoint 
to the functor Id ■ 

Proposition 5.4. The category of connected differential graded algebras is complete 
and cocomplete. 

Proof. Constructions of limits are well-known in the category of differential graded 
algebras. Because of connectedness, some refinements have to be performed. A 
terminal object in DGAlgc is given by K[0]. li f,g: A B are two maps in 
DGAlgc, their equalizer is given by ker (/ — g). Now let A and B be objects in 
DGAlgc. We may form the maps 

AxB ^A^ K[0] and Ax B ^ B ^ K[0]. 

Then the product of A and B in DGAlgc is given by 

An B = ker (7^1 o tta — Jb ° t^b) ■ 

For colimits, we first notice that an initial object in DGAlgc is given by K[Q\. 
Then the coequalizer of two maps f,g: A — > i? is given by 

B/ {f{a)-g{a),a^A) 

where (/(a) — g(a), a & A) denotes the ideal generated by f{a) — g{a) for a e A. In 
|Jar97j . the coproduct of two differential graded non-commutative algebras A and 
B is given by factoring out from the tensor algebra Td {A ® B) the ideal X which 
is generated by elements of the form 

(ai ® bi) 62) - fli ® 6162, 

(oi ® 1) ® (a2 ® 62) - 0102 ® 62- 
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However, the resulting object need not to be connected even if A and B are con- 
nected. To get around this problem, we define the coproduct of two objects in 
DGAlgc as 

AUB^Td (ker 7^ ker 75) /X. 
Since ker 7^1 and ker 7^ are connected differential graded vector spaces, they will 
not contribute to the degree part of the tensor algebra Td (ker 7^ eg) ker 73). In 
this way, we will have {A U B)^ = K and therefore AUB ^ DGAlgc. D 
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